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1 Introduction 

Hyperbolic manifolds have been studied in complex analysis as the general- 
izations of hyperbolic Riemann surfaces to higher dimensions. Moreover, the 
theory of hyperbolic manifolds is closely related to other areas (cf. eg. ||11|| ). 

However, only very few quasi-projective (non closed) hyperbolic manifolds 
are known. But one still believes that e.g. the complements of 'most' hy- 
persurfaces in P n are hyperbolic, if only their degree is at least 2n+l, more 
precisely: 

Conjecture 1.1 Let C(d\, . . . , dk) be the space of k tupels of hypersurfaces 
T = (Ti, . . . , Tfc) in P n; where degfTj) = di. Then for all (d\, . . . , dk) with 
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Eii di =: d > 2n + 1 t/je set H(d u ...,d k ) = {Te C{d u ...,d k ):¥ n \ U - =1 T t 
is complete hyperbolic and hyperbolically embedded} contains the complement 
of a proper algebraic subset ofC(d\, . . . , d*.). 

For complements of hypersurfaces in P n this was posed by Kobayashi as 
'Problem 3' in his book [fTOfl , and later by Zaidenberg in his paper [|l6|j . 

In this paper, we shall deal with the complements of plane curves i.e. the 
case n=2. 

Other than in the case of 5 lines (C(l, 1, 1, 1, 1)), the conjecture was previ- 
ously proved by M. Green in || in the case of a curve T consisting of one quadric 
and three lines (C(2, 1, 1, 1)). Furthermore, it was shown for C(d\, . . . ,dk), 
whenever k > 5, by Babets in ||. A closely related result by Green in j7| is 
that for any four non-redundant hypersurfaces Tj, j = 1, . . . 4 in P 2 any entire 
curve / : C — > P 2 \ Uj=i Tj is algebraically degenerate. (The degeneracy locus 
of the Kobayashi pseudometric was studied by Adachi and Suzuki in [0], 0). 

In fact, for generic configurations, any such algebraically degenerate map is 
constant, hence the conjecture is true for any family C(d\, . . . , 
dk) with k > 4 (cf. cf. Theorem |5.1| ). This includes the case of a curve T 
consisting of 2 quadrics and 2 lines. We also give another proof of Green's re- 
sult, which yields a slightly stronger result related to the statement of a second 
main theorem of value distribution theory in this situation. 

It seems that the conjecture is the more difficult the smaller k is. Already 
the case k=3 seems to be very hard: In 1989 H. Grauert worked on the case 
of a curve T consisting of 3 quadrics, i.e. C(2, 2,2), in ||, using sophisti- 
cated differential geometric methods including Jet-metrics. We believe that 
the methods developed there might be suited for proving major parts of the 
conjecture. For the time being, however, certain technical problems still exist 
with these methods including the case C(2, 2, 2). 

The main result of this paper (Theorem |7.1[ ) is a proof of the conjecture 
for 3 quadrics. Our methods are completely different from those used in 
- instead of differential geometry we use value distribution theory: For any 
pair of quadrics which intersect transversally, there are 6 lines through the 
intersection points, out of which 4 are in general position. We first show that 
we can assign a set of 12 lines in general position to any generic system C of 3 
quadrics. Let / : C — » P 2 \ C be an entire holomorphic curve. Our method now 
essentially consists of showing that the defect of / with respect to the above 
12 lines had to be at least equal to 4 unless / is algebraically degenerate. (For 
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technical reasons our exposition is based on the Second Main Theorem rather 
than the defect relation). The last step is to show that this fact is actually 
sufficient for generic complements of 3 quadrics to be complete hyperbolic and 
hyperbolically embedded. 

For C(2, 2, 1), i.e. two quadrics and a line, our result states the existence 
of an open set, which contains a quasi-projective set of codimension one, of 
configurations, where the conjecture is true (Theorem |8.11|) . The somewhat 
lengthy proof is based on a generalized Borel lemma. With the same meth- 
ods we prove that also the complement of three generic Fermat quadrics is 
hyperbolic. 

The paper is organized as follows: In section 2 we collect, for the con- 
venience of the reader, some basics from value distribution theory, and, in 
section 3, some consequences from Brody's techniques for later reference. In 
section 4 we prove some 'algebraic' hyperbolicity of generic complements of 
certain curves. Next, in section 5 we prove Theorem |5.1| . In section 6 we study 
linear systems of lines associated to systems of 3 quadrics. Section 7 contains 
the proof of Theorem |7.1| . In section 8 we treat complements of two quadrics 
and a line and complements of three Fermat quadrics. 

The first named author would like to thank S. Frankel (Nantes), H. Grauert 
(Gottingen), S. Kosarew (Grenoble) and M. Zaidenberg (Grenoble) for valu- 
able discussions, the Department of Mathematics at Notre Dame for its hospi- 
tality, and the DFG, especially the 'Schwerpunkt Komplexe Mannigfaltigkei- 
ten' in Bochum for support. The second named author would like to thank 
H. Grauert, W.Stoll (Notre Dame) and M. Zaidenberg for valuable discussions, 
and the Department of Mathematics at Notre Dame and the SFB 170 in 
Gottingen for its hospitality and the Schwerpunkt 'Komplexe Mannigfaltig- 
keiten' for support. The third named author would like to thank the SFB 170 
and the NSF for partial support. 



2 Some tools from Value Distribution The- 
ory 

In this section we fix some notations and quote some facts from Value Distri- 
bution Theory. We give references but do not trace these facts back to the 
original papers. 

We define the characteristic function and the counting function, and give 
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some formulas for these. 

Let 1 1*| | 2 = E"=o Nowhere (z ,...,z n ) G C n+1 , let A t = {£ G C : |£| < 
£}, and let d c = (i/4ii)(d — d). Let r be a fixed positive number and let 
r > r . Let / : C — > P n be entire, i.e. / can be written as f — [fo fn) 
with holomorphic functions fj:C—*C,j = 0,...,n without common zeroes. 
Then the characteristic function T(f,r) is defined as 

rr rjf r 

T(f,r)= / -/ rfrf c log||/|| 2 

Jr t J A t 

Let furthermore D = {P = 0} be a divisor in P n , given by a homogeneous 
polynomial P. Assume /(C) (jL support(-D). Let nf(D,t) denote the number 
of zeroes of Po f inside A t (counted with multiplicities). Then we define the 
counting function as 

rr A+ 

N f (D,r)= / nf(D,t) — 
Stokes Theorem and transformation to polar coordinates imply (cf. [|T5|j ): 

T(f,r) = ±- riog||/|| 2 (re^ + 0(l). (1) 
4tt Jo 

The characteristic function as defined by Nevanlinna for a holomorphic 
function / : C — > C is 

W,r) = i r\og + \f (refold. 

Z7T JO 

For the associated map [/ : 1] : C — > Pi one has 

r (/,r) = r([l:/],r) + O(l) (2) 

(cf. i). 

By abuse of notation we will, from now on, for a function / : C — > C, write 
T(f,r) instead of To(/, r). Furthermore we sometimes use N(f,r) instead of 
N f ([zo = 0],r). 

The concept of finite order is essential for later applications. 

Definition 2.1 Let s(r) be a positive, monotonically increasing function de- 
fined for r > r . If 

-log s(r) 



lim — = A 

r—>oo log T 

then s(r) is said to be of order A. For entire f : C —>■ P n or f : C — > C we say 
t/iat / is of order X, if T(f, r) is. 
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Remark 2.2 Let f — [fo : . . . : f n ] : C — ► P n be a holomorphic map of finite 
order A. Then log T(/,r) = O(logr). 

We need the following: 

Lemma 2.3 Assume that f : C — > P n is an entire map and misses the divisors 
{zj = 0} /or j = 0, . . . ,n ^.e. the coordinate hyperplanes ofF n ). Assume that 
f has order at most A. Then f can be written as f — [1 : fx : . . . : f n ] with 
= e Pj O, where the Pj(£) are polynomials in £ of degree dj < A. 

Proof: We write / = [1 : /i : . . . : f n ] with holomorphic fj : C — > C \ {0}. 
Now we get with equations (|l|) and (0) for j = 1, . . . , n: 

T(f 3 ,r) = T([l : /^.r) + 0(1) < T(/,r) +0(1), 



limsup^oo — = 



hence the fj are nonvanishing holomorphic functions of order at most A. This 
means that 

T(fj,r) 

for any e > 0. From this equation our assertion follows with the WeierstraB 
theorem as it is stated in 0. □ 
The previous Lemma is helpful because we can use it to 'calculate' T(f,r) 
by the Ahlfors-Lemma (cf. 

Lemma 2.4 Let Pq, . . . , P n be polynomials of degree at most A G N . Let ctj £ 

C be the coefficients of x x in Pj (possibly equal to zero). Let L(oq, . . . , a n ) be 
the length of the polygon defined by the convex hull of the ao, . . . ,a n . If 

f=[e p °:...:e p "]:C^ F n 

then 

lim T ^' r ' ) - •• 



r— >00 rpX 2-7T 

We state the First and the Second Main Theorem of Value Distribution 
Theory which relate the characteristic function and the counting function (cf. 



Let / : C — » P n be entire, and let D be a divisor in P n of degree d, such 
that /(C) <fL support(L>). Then: 
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8 AD) = liminf 1 



First Main Theorem 

JV/(AO <d-T(f,r) + 0(l) 
Another way of stating this theorem is the following: The quantity 

d-T(f,r)J 

is called defect of D with respect to /. Then 

5 f (D) > 0. 

Assume now that /(C) is not contained in any hyperplane in F n , and let 
Hi, . . . , H q be distinct hyperplanes in general position. Then 

Second Main Theorem 

(q-n- l)T{f, r) < £ N f (H 3 , r) + S(r) 

3=0 

where S(r) < 0(log(rT(/, r))) for all r > r except for a set of finite Lebesque 
measure. If / is of finite order, then S(r) < O(logr) for all r > r$. 

We examine how the characteristic function behaves under morphisms of 
the projective space: 

Lemma 2.5 Let 

R = [Rq : . . . : R N ] : P n -> F N 

be a morphism with components of degree p, and let f : C — > P n 6e entire. 
Then 

T(Rof,r)=p-T(f,r)+0(l) 

Proof: Define 

/i([z : ... : z n }) 





| 2 + ...+ 


\Rn\ 


2 


(kol 


2 + ... + | 




2 


y 



Since R is a morphism the Rj,j = 0, . . . ,N have no common zeroes, hence 
there exist constants A, B > with < A < fi < B onP n . From that and 
equation (P we get: 

1 r 2n 

T(Rof,r)-p-T(f,r) = — (log \\Rof\\\re M )-p-log ||/|| 2 (re i ' ? ))^+0(l) 

47T JO 



47T JO 
1 /" 27r 



/ "logGuo n(re i,? )c^ + 0(l) 

JO 



47T JO 

In the last term the integral is bounded by | log A and | log 73 independently 
of r. □ 
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3 Some consequences of Brody's techniques 



In this section we list briefly some consequences of Brody's techniques for later 
application. The first is a corollary of a well known theorem of M. Green. It 
shows how to use entire curves / : C — ► P2 of finite order to prove hyper- 
bolicity of quasiprojective varieties. The second follows from of a theorem of 
M.Zaidenberg. 

a) The main theorem of [§] implies: 

Corollary 3.1 Let D be a union of curves Di, . . . , D m in P 2 such that for all 
i — 1, . . . ,m the number of intersection points of Di with Uj=i ...,m-j& Dj is 
at least three. Then P 2 \-D is complete hyperbolic and hyperbolically embedded, 
if there does not exist a non-constant entire curve f : C — ► P2 of order at most 
two which misses D. 

b) The following proposition shows that the property of a union of curves 
having hyperbolic complement is essentially a (classically) open condition. 

Proposition 3.2 Let H\, . . . , H m be hypersurfaces in P2 x (A t ) n for some 
t > 0, n E N. Let it : P 2 x (A t ) n — > (A t ) n be the projection. Assume that 

1 ) for all z G (A t ) n and all % = 1, . . . ,m the fibers tt" 1 ^) R Hi are curves 
in P 2 

2) for all i = 1, . . . ,m the number of intersection points of 7r _1 (0) D Hi 
and 

Uj=i,...,m ; j^i( 7r_1 (0) H Hj)) is at least three. 

3) P2 \ Uj=i ... m( 7r ~ 1 (0) H Hj) is hyperbolically embedded in P 2 . 

Then P 2 \ Uj=i,... mi^^i 2 ) ^ Hj) ^ s complete hyperbolic and hyperbolically 
embedded for all z G (A s ) n for some s <t . 

Proof: In the terminology of |I6| , the 7r _1 (0) PI Hi form an absorbing H- 
stratification (cf. ||16fl , p. 354 f.), for which we can apply Theorem 2.1 of |16 |. 



Complete hyperbolicity follows from [12], p. 36. □ 



4 Nonexistence of algebraic entire curves in 
generic complements 

In this section we prove that the complement of 3 generic quadrics, or of any 4 
generic curves other than 4 lines, does not contain non-constant entire curves 
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contained in an algebraic curve. Because of Corollary |3.1| this can be regarded 
statement of 'algebraic' hyperbolicity. 
Let us first make precise what we mean by generic. The space of curves Tj 
of degree d{ in P 2 , which we define as the projectivized space of homogeneous 
polynomials of degree dj, is a projective space of dimension rii = + 
2)(di + 1) — 1. Hence C(d 1 , . . . , c4) = 11*= 1 is projective algebraic. In order 
to simplify notations we denote this space by S in all what follows, and its 
elements by s G S, and by T^s) the curve given by the i-th component of 
s G S. 

Proposition 4.1 Let S = C(2,2,2) or S = C(d 1 ,...,d k ) with k > A and 
d = Y,i=idi > 5. Then there exists a proper algebraic variety V C S st. for 
s G S \ V the following holds: 

For any irreducible plane algebraic curve A C P 2 the punctured Riemann sur- 
face A \ \Ji=i Fi(s) is hyperbolic, in particular any holomorphic map f : C — > 
P2 \ Uti r f (s) with /(C) C A (which may also be reducible) is constant. 

Proof: In order to define V C S we list 5 conditions: 

(1) All Ti(s) are smooth (and of multiplicity one). 

(2) The Ti(s), i = 1, . . . , k intersect transversally, in particular no 3 of these 
intersect in one point. 

(3) In the case of C(2,2,2): For any common tangent line of two of the 
quadrics Tj(s) which is tangential to these in points P and Q resp. the third 
quadric does not intersects the tangent in both points P and Q. 

(4) In the case of C(d%, d 2 , 1, 1), di, d 2 > 2: There does not exist a common 
tangent L to Ti(s) and T 2 (s) such that L fl Ti(s) = {P} and L fl T 2 (s) = {Q} 
such that the lines T 3 (s) and T^s) contain P and Q resp.. 

(5) In the case of C(di, 1, 1, 1): There does not exist a tangent line L at 
r^s) with L PI r\(s) = {P} such that P is contained in one of the lines 
rj(s), i = 2, 3, 4 and L contains the intersection points of the other two lines. 

Define V C S 1 to be the set of those points s G S such that the Tj(s) violates 
one of the above conditions. This set is clearly algebraic and not dense in S. 

For intersections of at least five curves (2) implies that any irreducible 
algebraic curve A intersects Uf=i Tj(s) in at least three different points, which 
proves the claim. 

Assume that there exists an irreducible algebraic curve A C P 2 and s G S 
such that A \ \J^ =1 Ti(s) is not hyperbolic. By condition (2) we know that 
A n (Ji=i Tj(s) consists of at least 2 points P and Q. Moreover, A cannot have 
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a singularity at P or Q with different tangents, because A had to be reducible 
in such a point, and -A\U* = i ^(s) could be identified with an irreducible curve 
with at least three punctures. (This follows from blowing up such a point or 
considering the normalization). 

So AnUi=i Ti( s ) consists of exactly 2 points P and Q with simple tangents. 
We denote the multiplicities of A in P and Q by rap and uiq. Let do = deg(A). 
Then the inequality (cf. J3J, p. 117) 

ra P (m P - 1) + m Q (m Q - 1) < (d - 1)(4 - 2 ) 

implies 

mp, m Q < rf or d = ra P = ra Q = I. (3) 

Let us now first treat the case k — 4: Each Tj(s) contains exactly one of the 
points P and Q. Let Tj(s) and Tfe(s) resp. intersect A in P and Q resp. 
not tangential, i.e. with tangents different from those of A in these points. 
Let dj and c4 be the degrees of these components. We compute intersection 
multiplicities according to [[|, p. 75 

rap = I(P, A fl rj(s)) = djdo and niQ = I(Q, A fl Tfc(s)) = G^ofo- 

Hence 

do = dj = rap = 1 and d = dk = raQ = 1. 

In particular A, Tj and T fc are lines. These situations are excluded by (4) and 
(5). 

Now let us treat the case of 3 quadrics. After a suitable enumeration of 
its components we may assume that P G Tx(s) fl T 2 (s) and Q G r 3 (s). If 
Q £ r 2 (s) U Ti(s) we are done, since then we may assume that A is not 
tangential to r 2 (s), and again 

ra P = I(P, A H r 2 (s)) = 2rf . 

contradicts equation (||). So we may assume that Q G T 2 (s) fl T 3 (s). Now A 
has to be tangential to Ti(s) in P and to ^(s) in Q, otherwise we again get 
rap = 2do or raQ = 2d Q what contradicts equation (|3|). But then T 2 (s) is not 
tangential to A in P or Q, so we have 

rap + rag = I(P, A n r 2 (s)) + /(Q, A n r 2 (s)) = 2d 

Again by equation (^|) this is only possible if rap = raQ = do = 1, but then we 
are in a situation which we excluded in condition (3), which is a contradiction. 

□ 
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5 Hyperbolicity of generic complements of at 
least four curves 



In this section we prove a result in the direction towards a generalized second 
main theorem. As a corollary we get a new proof of the fact that for any generic 
collection of four hypersurfaces Tj, j = 1, . . .4 in P2 any entire curve / : C — > 
P 2 \ Uj=i Ij- has to be algebraically degenerate. This fact, combined with our 
result in the previous section implies the hyperbolicity of the complement of 
such a configuration. 

Theorem 5.1 Let S = C(d h . . . ,d k ) with k > 4, d = £* =1 dj > 5. Then 
there exists an algebraic variety V C S such that for s G S \V the following 
holds: Assume that f : C — > P2 \ Uf=iFj(s) is a non-constant holomorphic 
map. Then 6f(Ti(s)) = for I = 4, . . . , k. In particular, f cannot miss any 

r,(s), z = 4,...,fc. 

Proof: Let V C S be defined like in the proof of Proposition [O], i.e. s G S\V, 
iff the conditions (1) to (5) given there are satisfied. Let r*(s) = {-Pi(s) = 0} 
for i = 1, . . . , k. For suitable powers aj we have because of condition (2) a 
morphism 

$ : F 2 - P 2 ; [z : : z 2 ] ^ ^(s) : P 2 ° 2 (s) : IT{s)] (4) 

Since there exists no non-constant morphism on projective spaces, whose image 
is of lower dimension, for all s G S \ V the image $(P 2 ) is not contained in 
an algebraic curve. From now on, we keep some s G S \ V fixed and drop 
the parameter s for the rest of the proof. Furthermore let $^4) = {Q = 0}, 
where 

Q(w ,W 1 ,W 2 ) = a ioiii2 W O w l w 2i 
*o+*i+«2=e 

so degQ = e. Finally, let $ _1 ($(r 4 )) = T 4 - R be the decomposition of the 
inverse image curve of the curve $(r 4 ) in T 4 and the other components (which 
possibly may contain T 4 as well). Now the proof consists of 3 steps: 

a) We have a e oo 7^ 0, ao e o 7^ 0, aoo e 7^ 0, i.e. the polynomial Q contains the 
e-th powers of the coordinates: 

We prove that indirectly, so without loss of generality we may assume that 
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a e00 = 0. Then we have Q([l : : 0]) = 0, i.e. [1 : : 0] G $(T 4 ). So there 
exists a point z G T 4 with Pi (2) 7^ 0, P 2 (20 = 0, P^{z) = 0. But that means 
that the 3 curves r 2 , T 3 and T 4 have a common point which contradicts our 
condition (2). 

b) We show by using the Second Main Theorem that ^$0/(^^4)) = 0: 
Let J = {(£ = (io,ii,i2) '■ cn hi. 2 7^ 0} and k : J — > {0, 1, ... ,p} be an enu- 
meration of J. Let Qj = wffw^w^ if «((zo, ^1, z 2 )) = 3- Then by part a) the 
map 

^ : P 2 -> P p ; [w : Wi : w 2 ] -»• [Q„ : • • • : Q P ] 

is a morphism with components of degree e = deg(Q). The p + 2 lines Lj = 
{6 = 0}, i = 0,...,p and L = {J2ieJ a i^ — 0} are in general position. 
Furthermore the map \l/o$o/:C— >-Ppis linearly non degenerate: By 
Proposition |4.1| , /(C) is not contained in an algebraic curve, so especially not 
in an algebraic curve of the form Y,iej ^(P? 1 ) 10 (P^T 1 {P3 3 ) 12 > resulting from 
such a line in P p , unless the latter is identically zero. But this is impossible, 
since the map $ is surjective. So we have by the Second Main Theorem: 

r(¥ o $ o /, r) < N^ of (L, r) + £ jV*„* /(£i, r) + 5(r) 

i=0 

and by the First Main Theorem 

Ny * of (L, r) < T(V o $ o /, r) + 0(1) 

Observe that all N^ ^> f(Li,r) vanish. Together with Lemma this yields, 
since deg Q = e 

x f^r-n \ \ r • (/i ^ o/ ($(r 4 ),r) . Ny 0lj)0 f(L,r) 

o^ofi^iTA) = lunmffl— - — ' ' ' /J = hmmffl— — -. - v i — — L -) = 
n v ;; r->oo v deg(Q)T($o/,r) ; r^oo v T(^o$o/» ; 

(5) 

c) We finally show that 5/(r 4 ) = 0: 
By equation (|5]) and Lemma |2.5| we have: 



iv $0/ ($(r 4 ),r) ^-^(r^r) 

iim sup - — — ^- — — r = hm sup 



deg(Q)T($ o /, r) ™" deg(Q o $)T(/, r) 

A^rQ + iV^r) Nf(r 4 ,r) + N f {R,r) 

hm sup — ^ — — r — 77 — — = hm sup 



~oo" deg(Q o $)T(/, r) ™^ (deg(r 4 ) + deg(P))T(/, r) 
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or short: 

lim sup + lim sup = deg(r 4 ) + deg(i?) (6) 

By the First Main Theorem we have: 

and hence with equation (|]): 

lim sup A ^^ 4 '^ = deg(r 4 ), i.e. 5/(r 4 ) = 0. 
r- >oc i (J,rJ 

□ 



6 Line systems through intersection points of 
three quadrics 

In this section, we study certain configurations of 18 lines associated to three 
smooth quadrics. These lines are needed in order to apply Value Distribution 
Theory to prove our main theorem in the next section. 

Let V C S = C{2, 2, 2) be the algebraic variety defined by the conditions 



(1), (2), and (3) given in the Proof of Proposition [4.1| , namely s G S \ V, iff 

(1) All Ti(s) are smooth quadrics. 

(2) The Ti(s), % = 1, 2, 3 intersect transversally (in particular not all 3 intersect 

in one point) 

(3) For any common tangent line of two of the quadrics Tj(s) which is tangen- 

tial to these in points P and Q resp. the third quadric does not intersects 
the tangent in P and Q. 

In order to prove our main theorem we will need one further condition 
of 'genericity' related to those 18 lines already mentioned above. For this 
condition it is quite not so obvious any more that it yields a quasiprojective 
set. We shall give an argument for this in Proposition Ej]. 
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Let us first state the extra condition: Because of (2) any two of the three 
quadrics r 1; T 2 , T 3 intersect in 4 distinct points A x , A 2 , A 3 , A A which give rise 
to six lines 



AiA 2 , A 3 A A and A X A 3 , A 2 A A and A X A A , A 2 A 3 . (7) 

So all three pairs of quadrics give rise to three sets L 12 (s), L 13 (s) and L 23 (s) 
of six lines each, i.e. a collection L(s) of 18 lines. We will show in the proof of 



Proposition 54. that as a consequence of (1) and (2) they are pairwise distinct. 



Now our condition (4) reads: 

(4) The 18 lines L(s) intersect as follows: At any point of fl ^j(s), i ^ j 
there intersect exactly 3 of the 18 lines, and in every other point of F 2 
there intersect at most 2 of the 18 lines. 

Now we have: 

Proposition 6.1 Define V C S to be the set of all s G S such that one of the 
conditions (1) to (4) is not satisfied. Then V C S is a proper algebraic subset. 

Proof: In order to prove the Proposition we use an argument which involves 
an elementary case of a Chow scheme. 

We denote by P 2 the space of all lines in F 2 . Look at the following rational 
map 

V : (P 2 ) 4 - (P 2 V ) 6 
{A U A 2 ,A 3 ,A 4 ) ^ {A^A k ) j<k 

where the wedge product of two points is considered as an element of the dual 
projective space. This map descends to a rational map of symmetric spaces: 

^ : S\F 2 ) -> S 6 (F%). 

Over the complement of a proper algebraic subset it assigns to a set of four 
distinct points the configuration of six lines through these points. 

Now we assign to any s G S \ V the tripel of sets (Pi(s) fl r2(s), ^i(s) fl 
rs(s), r 2 (s) fl r3(s)), which amounts to a morphism 

p:S\V'^(S\F 2 )f. 

Observe that 5 := (^) 3 o p : S \ V — > (5' 6 (P 2 )) 3 is a morphism. Now we can 
rephrase condition (4): 
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Let U ~ C 3 and W ~ (£/) 6 . Then we consider = {(ajfe)|a jfe G U;j = 
1, . . . , 6; k = 1,2,3} and look at the linear subspace B C Vr 3 defined by the 
condition that at least three components CLj 2 k 2 an d Safes are ^near/?/ 

dependent where not all kj are the same. (We needn't care about the system 
of the six lines given by the four intersection points of two fixed quadrics, since 
they automatically have the desired intersection properties, because no three 
of the four intersection points of the two quadrics can be collinear.) Obviously 
B descends to an algebraic set B G (S' 6 ^)) 3 . Now (4) means for s G S \ V 
that S(s) B. The construction immediately implies that V \ V C S \ V 
is algebraic, and since V C S is algebraic, we have that V — V \ V U V is 
algebraic in S, where the closure here means the Zariski closure. 

We have to show that V ^ S. The existence of an s G S \ V is proved by a 
deformation argument: We start with any s G S\V (then the Tj(s) are smooth 
and we have 12 different intersection points of two of the 3 quadrics each). It 
is easy to see that then we really have 18 different lines, otherwise 4 of the 12 
intersection points of the 3 quadrics had to be contained in a line (because no 
three quadrics pass through a line). It follows from the construction, that this 
line would intersect one of the quadrics in 4 points, which is impossible. 

Let k = k(s) be the largest number of lines among the 18 lines (determined 
by the parameter s) which run through some point. Let v\. = Vk(s) be the 
number of points in P2 which are contained in k(s) of the lines. We will 
proceed now as follows: We observe that k lines running through a point is a 
closed condition with respect to the classical topology of S. That means that 
in a neighborhood U of a point s G S we have k(s) < k(s ), and at least 
^fc(s) < Vk(so), if k(s) = k(s ). We will show that for some s G U actually 
k(s) < k(so) or at least u k {s) < ^(so), if k(s) = k(s ), as long as k(s ) > 3 or 
k(so) = 3 but Uk(so) > 12. 

Iterating this procedure we are done if we can show: Consider the 18 lines 
in L(so). If k > 4 take any of these intersection points where k lines intersect 
(call it T), if k — 3 take such an intersection point T which is not intersection 
point of two of the quadrics. Then we can find s G S arbitrarily near to sq 
st. over s the point T 'breaks up' into intersection points of strictly less then 
k(so) lines. But then k(s) < k(so), or at least k(s) = fc(so) an d ^k(s) < ffc(so)- 

Let us now prove that: Take 3 of the lines running through T over sq and 
denote them by Li,L 2 ,L 3 . Each of them is defined by construction by two 
of the intersection points of two of the 3 quadrics. Let L\ be defined by such 
points Ti,T 2 , let L 2 be defined by T 3 ,T 4 and let L 3 be defined by T 5 ,T 6 . We 
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may assume that no 3 of the 6 points Ti, . . . ,Tq are equal to T (this could 
only occur if T is an intersection point of 2 of our 3 quadrics, but then k > 4 
and we just have taken the 3 lines defined by T and one other intersection 
point each, so we can choose a different line). So without loss of generality we 
may assume that Ti ^ T ^ T 2 , and we have the following 3 possibilities for 
Li, T 2 , L 3 , T, Ti, . . . , T 6 : 




The point Ti lies on 2 of the Tj, assume on Ti D r 2 . Then at most 3 of the 4 or 
5 different points in {T 2 , . . . , T 6 } can also be in r\ n T 2 . So there exists one of 
them, call it T , which does lie on r x n T 3 or T 2 fl r 3 , assume on T 2 fl T 3 . So at 
most 4 of the points T 2 , . . . , T 6 are contained in F 1 . So we can 'move' F 1 while 
keeping these 4 points fixed and keeping T 2 and T 3 fixed. But that means that 
there is a non-constant variation of s where we keep all of the points T 2 , . . . , T 6 
fixed. Hence the lines T 2 and T 3 and their intersection point T are kept fixed. 
We claim that for some small such variation the line L\ does not pass any 
longer through T. If it would, it had to be fixed, since T 2 is kept fixed. By 
definition we have Ti e L\ D n T 2 and Li fl T 2 is a discrete set. Hence Ti 
remains fixed. But that would mean that any quadric r\ through the at most 
4 of the fixed points T 2 , . . . , T 6 contained in Ti must contain a fifth fixed point 
Ti. This is certainly a contradiction, since the space of plane quadrics is of 
dimension five. □ 
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From any of the configurations of 18 lines in Proposition |6.1| we can pick 
12 in general position: 



Corollary 6.2 There exists an algebraic variety V C S st. for all s G S\V 



we have subsets of 12 of the 18 lines of Proposition \6.1\ which are in general 
position. 

Proof: For each pair r$(s), Tj(s), i ^ j we have constructed 3 pairs of lines 
(defined by equation (^)). Choose, for fixed s E S, for each pair of quadrics 
two of these pairs of lines. □ 
At last we prove the simple fact that the pairs of lines as defined in equation 
(0) are contained in the linear system spanned by the two quadrics. 

Proposition 6.3 Let r 1; T 2 be two smooth quadrics intersecting in 4 different 
points Ai, A 2 , A 3 , At, and let the lines Li resp. L 2 be given by Ai, A 2 and 
A 3 , A± resp. Then LiL 2 is a degenerate quadric contained in the linear system 
spanned by Ti and Y 2 , i.e. LiL 2 = aTi + bT 2 . 

Proof: Look at the set £ of all quadrics (possibly singular) which run through 
the 4 points Ai, A 2 , A 3 , A 4 . Then £ is a one dimensional linear system contain- 
ing L\L 2 . Since it is one dimensional, it is spanned by any 2 of its elements, 
e.g. by Ti and T 2 . □ 



7 Hyperbolicity of generic complements of 
three quadrics 

We will prove: 

Theorem 7.1 Let V C S be the variety defined in Proposition \6.1\ . Let s G 
S\V. Then the quasiprojective variety P 2 \ Uf=i r»(s) is complete hyperbolic 
and hyperbolically embedded. 



Remark 7.2 The variety S\V is certainly not contained in an open subset of 
the space of all divisors of degree 6 whose complement in P 2 is hyperbolic (cf. 
also filh}J): Take any quadratic polynomials Pi,P 2 ,P 3 corresponding to some 
s G S\V . Then with respect to suitable coordinates we have P\ = Zq — z\z 2 . Set 
Q = (zf+PyF), where F is an arbitrary polynomial of degree 4, P = P\-P 2 -P 3 , 
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and Rt — P + t- Q, t £ C. Then the zero set of Rq is just {j\ =l . However, 
fort ^ the intersection ofV(R t ) with the rational curve V(P\) consists only 
of the point [0 : : 1] G P 2 . 

□ 

Proof of the Theorem: By Corollary |3.1| it is sufficient to show that there 
doesn't exist a non-constant entire curve / : C — > P2 \ \Ji=x^i( s ) of order at 
most 2. 

Assume there exists such a non-constant entire curve /. From Proposition 



4~T| we know that / is not algebraically degenerate. 

For simplicity of notation we drop the s in the rest of the proof. Further- 
more we enumerate the 12 lines which we constructed in Proposition |6.1| and 
Corollary |6.2| as follows: 

L1L2 and L3L4 are in the linear system of Ti and r 2 

L 5 L 6 and L?L 8 are in the linear system of and T3 

L 9 L W and L\\L\i are in the linear system of T 2 and T 3 . 

Let Tj = {Pi = 0} with a homogeneous polynomial Pi of degree 2. 

The map $ = [Pi : P 2 '■ P3] : P 2 ^ P 2 is a morphism (because Finr 2 nr3 = 
0) . Furthermore the map $ o / : C — > P 2 again is an entire curve and the map 
$ o / is again of finite order at most 2, because by Lemma |2.5| we have 



T(<S>of,r) = 2-T(f,r) + 0(l) ( 

Since / misses the divisor r 1 r 2 r 3 the map $ o / misses the divisors {zi 
0}, % = 1, 2, 3 and hence by Lemma |2.3| we can write 



$ / = [9o ■ 9i ■ 92} (9) 

with 

where gi = (Pi o f) ■ h; h : C — > C* are entire functions. 

We may assume that not all three a,j are equal: Assume ol\ = a 2 = as, then 
we can divide out the function e ai ^ and then compose the resulting functions 
with £ 1 — > £ 2 , i.e. we may consider the function $ o /(£ 2 ). This map is again of 
order at most 2 and we have ^ = e^ +7 \ If now fix = /3 2 = (3$, the map $ o / 
would be constant, which is impossible, since / is algebraically non degenerate. 
So we exclude the case ax = a 2 = 03 without loss of generality. 
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The Ahlfors Lemma |2.4| allows the computation of some limits of charac- 
teristic functions: For 1 < i < j < 3: 

Um Tmof: Pj of],r) = nm r ([gi . 9j] ,r) = 2| n ,- nj | 

r^oo r^oo 27T 



and 



r — >oo ^ r — >oo y-^ y 

|«1 — CK2I + |«1 — CK3I + |«2 — CK3I 



2tt 

hold. Now we want to relate the counting functions of the 12 lines to the 
characteristic functions used in equations ([It]) and ([□]): We know that L\L 2 
is in the linear system of r\ and T 2 , i.e. L\L 2 = aTi + &r 2 with a, b 7^ since 
Ti and r 2 are smooth quadrics. We consider the map 

[Pio/:P 2 o/] :C->P X . 

Its image is not contained in a hyperplane in P 1; i.e. a point, since / is 
algebraically non degenerate. Furthermore the 3 divisors 

[zq = 0], [zi = 0], [az + bz\ = 0] 

are in general position in P l5 i.e. distinct. The Second Main Theorem yields 

T{[P t of:P 2 of],r)< N [Plof:P2Of] ([z = 0],r) 

+^V l0 /:P 2 o/]Oi = 0], r) + A^ [Plo/: p 2O/ ](az + &*i = 0], r) + O(logr) = 

^ / ([Pi = 0],r)+JV / ([P 2 = 0],r) + iV / ([aPi + 6P2 = 0],r)+O(logr) = 

0+0+N f ([L 1 L 2 = 0],r)+O(logr) = A^Lx = 0], r)+AT / ([L 2 = 0], r)+0(logr) 

where iV/([p = 0],r) = because / misses Tj = [p = 0], and where we 
identify the line Lj with its defining equation, so that [Li = 0] makes sense. 
On the other hand we have by the First Main Theorem 

W[iW: ft o/] ([az + bz x = 0],r) < T([P o / : P 2 o f],r) + 0(1) 

and hence 

T([P o / : P 2 o f), r) = NfiiU = 0], r) + iV/([L 2 = 0], r) + O(logr) 
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The corresponding equations hold for all other lines as well, i.e. we have: 

T([Pt o / : P 2 o f], r) = N f {[L x = 0], r) + N f ([L 2 = 0], r) + O(logr) 

= JV>([£ 3 = 0],r) + N f ([L A = 0], r) + O(logr) 

T([P o / : P 3 o /], r) = N f ([L 5 = 0], r) + N f ([L 6 = 0], r) + O(logr) (12) 

= iV>([L 7 = 0},r) + N f ([L 8 = 0],r) + 0(logr) 

T([P 2 o / : P 3 o /], r) = iV>([L 9 = 0], r) + iY>([L 10 = 0], r) + O(logr) 

= ^([Ln = 0], r) + N f ([L l2 = 0], r) + O(logr). 

Since / : C —>■ P 2 is not linearly degenerate and the 12 lines Li, . . . , L\ 2 are in 
general position, we can again apply the Second Main Theorem and get 

9-T(/,r) < = 0],r) +0(logr). (13) 

The equations (|8|), (^) and (|T3p imply 

I ■ T($ o /, r) = 9 • T(/, r) + 0(1) < £ ^/([A = 0], r) + O(logr) 

1 8=1 

= 2-(T([P l0 / : P 2 o/] ) r)+T([P 1 o/ : P 3 o/], r)+T([P 2 o/ : P 3 o/], r)+0(logr) 
Hence together we have 

9-T($o/,r)<4-( T([Po/:P,o/],r))+0(logr). (14) 

1<«<?'<3 

We now divide equation ( |i4|) by r 2 and take lim^oo. Using the equations flIU|) 
and (|ll|) we obtain: 

\a.\ — a 2 \ + \ai — a 3 | + \a 2 — a 3 \ |aj — a 2 \ + \ai — a 3 \ + \a 2 — a 3 | 

y ■ \ 4 • 2 ■ . 

2tt ~ 2tt 

This can only hold if at = a 2 = a 3 , which is a contradiction. □ 
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8 Complements of two quadrics and a line 



In this section we need the following theorem of M. Green || (in degree d = 2) 
which generalizes in a sense the classical Borel lemma. 

Theorem 8.1 a) Let go, g\, g 2 be entire holomorphic functions of finite order, 
gi and g 2 both nowhere vanishing. Assume that 

9o + 9 2 i + 9 2 2 = 1- (A) 

Then the set 

{1,00, 91,92} 

of holomorphic functions has to be linearly dependent. 

b ) Let go and g\ be entire holomorphic functions of finite order, g\ nowhere 
vanishing. Assume that 

<?o + <7i 2 = l- 
Then go and g\ must be constant. 

We consider the complement of three quadrics. We allow one of these to 
be also a double line. (The case, where one of the three quadrics degenerates 
to two distinct lines, i.e. two quadrics and two lines, has already been treated 
above) . 

Since in this section we work also with double lines we will distinguish 
between F and P, where T = V(P) (for simplicity reasons we didn't always do 
this in the previous sections). 

Before we state the main result of this section, we observe that also some 
singular configurations of two quadrics in the projective plane can be treated 
by means of the generalized Borel lemma. 

Proposition 8.2 Let Tj = {Qj = 0} C P2, J = 1,2 be two smooth distinct 
quadrics, whose intersection consists of exactly one point. Then any holomor- 
phic map f : C — > P2 \ (Ti U T 2 ) of finite order has values in a quadric (which 
may degenerate to a double line) from the linear system spanned by Qi,Q 2 . 

Proof. Let the common tangent line to Ti and T 2 through the intersection 
point be defined by the linear equation L = 0. One verifies immediately that 

L 2 = aQ 1 + bQ 2 , (15) 
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a, b ^ 0. Let qj be entire non- vanishing holomorphic functions, j = 1,2 such 
that q? = Qj ° /, and q = L o /. Then Theorem 8.1 b) implies that Q\ o / = 
c-Q 2 of. □ 
Another case is the following. 

Proposition 8.3 Let Tj = {Qj = 0} C IP2; j = 1,2 be two smooth distinct 
quadrics, which intersect exactly at two points tangentially. Then any holo- 
morphic map / : C — > P2 \ (ri U T 2 ) of finite order has values in a quadric 
contained in the linear system spanned by Qi,Q 2 - 

Proof. The linear system spanned by Qi and Q 2 contains L 2 , where L is the 
line through the two points of intersection. Using this the statement follows 
as above. □ 



Theorem 8.4 Let 7^ Qj € (D[zo, Z2}, j = 1, 2, 3 be quadratic polynomials, 
where either all Qj are irreducible or all but one which may be a square of a 
linear function. Let Tj C IP2 be the zero-sets. Assume 

(1) no more than two of these intersect at one point, 

(2) no tangent to a smooth quadric Tj at a point of intersection with some 

other Tk contains a further intersection point of the curves Ti, 

(3) there exists a linear combination of the Qj which is a square: 

3 

J2ajQj = P 2 , P e<B[z ,z 1 ,z 2 ], (16) 
j'=i 

where at least two coefficients a,j are different from zero. 
Then any holomorphic map 

f . c _> p 2 \ y r . 

has values in a quadric (which may be degenerate to a double line). 

We call a holomorphic map (D — > P 2 linearly or quadratically degenerate, 
if its values are contained in a line or a (possibly degenerate) quadric resp.. 
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Corollary 8.5 Let Tj = V(Qj) C IP 2 , J ' = 2, 3 be smooth quadrics and Y\ = 
Li = V(Qi) C P2 a line, where Qi is the square of a linear polynomial, and 
let the assumptions of \8.4 be satisfied. 

(1) The quasiprojective variety IP 2 \ Uf=i ^ s Br ody -hyperbolic, unless there 

exists a smooth quadric or a line T such that after choosing the notation 
accordingly (p, q distinct points): 

(a) r n r 2 = { P , g }, r n r 3 = { P }, rnL 1 = { g } 

(b) r n r 2 = { P }, r n r 3 = { P }, rnL 1 = { g } 

(c) r n r 2 = { P }, r n r 3 = { g }, rnL 1 = { P } 

(d) r n r 2 = { P }, r n r 3 = { g }, rnL 1 = { P , q } 

(2) The quasiprojective variety IP 2 \ U|=i ^ s complete hyperbolic and hyper- 

bolically embedded, unless 

(e) at least two of the Tj are tangent to each other at some point, 

(f ) there exists a smooth quadric, which has only one point of intersec- 
tion with each of T 2 and T 3 with both of these points contained in 
Ti, 

(g) There exists a tangent to one o/T 2 and T 3 at a point of intersection 
with T\ which is tangent to the other smooth quadric. 

□ 

We introduce the following polynomials which will take care of a necessary 
elimination process in the proof of |S.4| . 

Definition 8.6 Let the homogeneous polynomial Rj(yo, ■■-,%) £ &[yo, ■ ■ ■ , Vj] 
of degree 2- 7-1 be defined by the equation 

Rj(x 2 , . . . ,xf) = Yl ( x o + ejzi + . . . + €jXj). 

(ei,...,£,)e{l,-lp 

For later applications we need some properties of the Rf 
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Lemma 8.7 a) R 2 (x, y, z) = x 2 + y 2 + z 2 — 2xy — 2xz — 2yz 
b) Let a,b,c G (D. Then 

S(x, y, z) := R 3 (ax + by + cz, x, y, z) 

has the following properties: 

1) The coefficient of x 4 equals (a — l) 4 . 

2) The coefficient of x 2 y 2 equals 2(3a 2 (6-l) 2 -2a(6-l)(36+l)+36 2 +26+3). In 

particular, if the coefficient of y 4 vanishes, the coefficient of x 2 y 2 equals 
16. 

3) Assume that all coefficients of forth powers in S vanish. Then 

S(x, y, z) = 16(x 2 y 2 + x 2 z 2 + y 2 z 2 ) — 32(x 2 yz + xy 2 z + xyz 2 ). 



We omit the computational proof. □ 
Proof of Theorem [O. Since the map / has no values in the given quadrics 



Tj, there exist entire holomorphic functions qj, j = 1, 2, 3 such that q 2 = Qj<~>f. 
If we put then q = P o / and gj = qj/qz for j = 0, 1,2. We apply the 
generalized Borel lemma (Theorem 8.1): If one of the aj vanishes, we get 
immediately quadratic degeneracy from part b) of this theorem. 

So from now on we assume that all aj are non-zero. Thereom 8.1 a) implies 
that the set of functions {1, go, gx, #2} is linearly dependent, i.e. {q , . . . ,g 3 } 
has this property. 

Let 

3 

ctjqj = 0, not all otj = 0, (17) 

3=0 



and let R = R% be the polynomial of 3.6. It has been chosen in a way such that 



R( a o%i . . . , ct 2 q 2 ) = 0. The assumption (pig) means that ql = ai<2i+a2<?2+ a 3<?3- 
Now the curve defined by the equation 

R(z , zi, z 2 ) = R{al{a x Q 1 + a 2 Q 2 + a 3 Q 3 ), a$Qi, a 2 2 Q 2 , a 2 3 Q 3 ) = (18) 

contains the image of / and is of degree at most eight. We have to show 
that R is not identically zero. Otherwise, since (Qi,Q 2 ,Q 3 ) defines a mor- 
phism, i.e. an epimorphism Q : P 2 — > P 2 , the polynomial R(al(aiyf + a 2 y\ + 
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a 3yi), oifyf, oi\y\, cufyf) G €[yi, y%, 2/3] would be the zero polynomial. The defi- 
nition of R would imply that a^aiyf + a%y\ + 032/3) = (Si ^j a jVj) 2 f° r certain 
5j = ±1. Thus at least two of a±, a 2 , a.3 must vanish. However, by assumption, 
the Oj are different from zero. From this fact it follows immediately that all 
aij = 0, which is a contradiction. We have shown that /((D) is contained in 
an algebraic curve of degree at most eight which is defined by a polynomial of 
degree four in Qi, Q2, Qz- □ 
Before we proceed with the proof of Theorem |8.4| , we give an application 
of the classical Borel Lemma. Let P 2 = {^0; Zi> ^2}, and Hj = {zj = 0} be the 
coordinate hyperplanes. 

Remark 8.8 Let f : (D — > P 2 \ (HqUHi UH 2 ) be a holomorphic map. Assume 
that f is algebraically degenerate, i.e. its values are contained in an algebraic 
curve C . Then /((D) C C, where C is the zero-set of a polynomial of the form 
Zq — f3z\z2, (3 7^ 0, k,l + m < deg(C) (after a suitable reordering of indices). 

Proof. Let C be the zero-set of some polynomial P(zo, z\, z 2 ). Denote by fj 
the components of /. The classical lemma of Borel, applied to the monomials 
in the expansion of P, implies that there exist at least two such monomials, 
which are proportional after composing with /. Thus fofffi = Pfofif™ f° r 
some /3 ^ 0. □ 
(The statement of the Lemma has an obvious generalization to P n .) 



An immediate consequence of Theorem 8.4, as far as we have proved is yet 



and of Remark |S.8| is, since all Qj o f have no zeroes, 



Lemma 8.9 Given the assumptions of |3.4|, the image /((D) is contained in a 
curve of the form 

Q h u -aQ l v Q™ = 0, a^O, 
where {u, v, w} = {1, 2, 3} ; and k,l + m < 4. 

□ 

We note the following fact: 
Lemma 8.10 Let f : C — > IP 2 be as above. 
(1) Let /((D) be contained in the zero-set 

V(Q k SQ¥Ql 3 -aQ l ?Q l iQ l i), (19) 

with k j = lj = 4, and kj = lj for at least one j , 
or 
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(2) let /((D) be contained in both zero-sets 



V(Q k SQ^Q k 3 *-aQ l lQ l iQ l i) (20) 

and 

v(QTQTQT - WW) (21) 

with k u = lv = J2 Trip = J2 n u = 4 sttc/t that the vector 

(fa - h, fa - k, fa - l 3 ) 
is not a rational multiple of the vector 

(mi - Tii, m 2 - n 2 , m 3 - n 3 ). 

Then /((D) is contained in a quadric curve, which is a member of the linear 
system generated by two of the quadrics Qj . 

We call the monomials Q^Q^Qz? an d QiQ l iQ l i satisfying (pD equivalent 
with respect to f. Proof. We can eliminate one of the Qj, say Qi, and obtain 
that /((D) is contained in V(Q r 2 — 7Q3) for some integer r, and 7 G (D, because 
the Qj o / have no zeroes. Taking roots we find that /((D) C V(oQ 2 — tQ 3 ), 
a, t 6 C not both equal to zero. □ 



We return to the proof of Theorem |S.4| , and consider under which conditions 



the above lemma can be applied. Let the situation of Theorem ^| be given. 
Denote by 

T(Qi, Q 2 , Q 3 ) = R(atl(aiQi + a 2 Q 2 + a 3 Q 3 ), a\Qi, a\Q 2 , a\Q 3 ) 



the polynomial of (18 



We know that T is not the zero-polynomial. We already reduced the proof 
of Theorem |8.4] to the case, where all aj in (|T6|) are different from zero. 

First part: Let all otj 7^ 0. Thus we can (after normalizing these constants 
to 1) apply Lemma |3.10| . 



First case: We claim that the conditions of Lemma 8.10| (2) are satisfied, if 
at least two of the coefficients of in T, say those of Q\ and Q\, are different 
from zero. 

If Q\ and Q\ are equivalent, Q\ o f is a constant multiple of Q 2 o /, and / 
is quadratically degenerate. 



25 



Otherwise there exist exponents (ri,r 2 ,r 3 ), (si, 52,53) of Qj that match 
(4, 0, 0) and (0, 4, 0) resp. in the sense of (|20|) and fl21~|) resp. because of the 
classical Borel Lemma. Assume that the assumptions of Lemma 8. 10| (2) are 
not fulfilled, so there exists a rational number c such that 

(4, 0, 0) - (n, r 2 , r 3 ) = c((0, 4, 0) - (s 1; s 2 , s 3 )). 

Since (ri,r 2 ,r 3 ) 7^ (4,0,0) we have ri < 4, thus Si > and c < 0. Now 
> — r 3 = c(— s 3 ) > implies r 3 = s 3 = 0, so we can apply Lemma |8.10| (1). 



Second case: The next case to consider is, where exactly one forth power 
occurs, say Q\. According to Lemma |%T7| 2), the coefficient of Q\Q\ in T must 
be different from zero. 

Assume first that Q\ is equivalent to Q\Q\ with respect to /. Then 
Lemma |8.10| (1) is applicable. If these monomials are not equivalent, we have 
some (non trivial) relations Qf ~ Q?Q 2 2 Q 3 3 and Q\Q\ ~ QTQ 2 2 Q S 3 3 . If the 
assumptions of Lemma |8.10| (2) would not hold, we had 

(4, 0, 0) - (n, r 2 , r 3 ) = c((2, 2, 0) - (s lt s 2 , s 3 )) 

for some 7^ c G Q and < rj,Sj < 4, X) r j = J2 s j — 4. For r 3 = 
Lemma |S.10| (1) could be applied. Only < r 3 < 4 is left; in particular 
— r 3 = c(— S3) implies c > 0, s 3 > 0. Now ri 7^ 4. Thus 4 — ri = c(2 — Si) 
gives si = or s\ — 1. Furthermore — r 2 = c(2 — s 2 ) holds. Again r 2 = 
makes p.lOj (1) applicable so that we are left with s 2 = 3 or s 2 = 4. Thus 
(si, s 2 , S3) = (0, 3, 1). Hence / has values in the quartic curve Q\ — r yQ 2 Qz = 
for some 7 6 C 

Let C be the curve V(Q\ — ■yQ2Qs)- We note first that 

cn(r 1 ur 2 ur 3 ) = r 1 n(r 2 ur 3 ) 

The case, where two smooth quadrics Tj intersect in exactly one point, yields 
immediately quadratic degeneracy by Proposition |8]2|, and we are done. If one 
of the Tj is a line, it cannot be tangent to both of the further given smooth 
quadrics — this is also excluded by assumption (2). Thus C R (T 1 U T 2 U T 3 ) 
consists of at least three points. As /(C) is contained in C \ (Ti U T 2 U T 3 ), the 
curve C cannot be irreducible unless / is constant. We are left with the case 
where C decomposes into a line I and a cubic. We have CflTi = rin(r 2 ur 3 ) = 
C n (ri n (r 2 U r 3 )), which implies / n Ti = (/ n T 2 ) U (/ n r 3 ). This equality 
means that I 7^ Ti and that I fl Ti consists of two distinct points p' and p", 
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(since no more than two of the Tj pass through a point). Let I n I^ — {p'} 
and I fl T 3 = {p"}. This means that I is at least tangent to one of the smooth 
quadrics and passes through one further intersection point of the Tj. This was 
excluded by assumption (2). 

Third case: Assume finally that all coefficients of in T vanish. According 
to Lemma 3) the non-zero monomials in T are Q 2 Ql, j 7^ k and Q^QkQh 
where (j,k,l) run through all cyclic permutations of (1,2,3). We pick Q\Q 2 
and check to which of the monomials it can be equivalent with respect to /. 
Lemma |8.10| (1) is directly applicable to all possible cases but Q\Q\ ~ Q1Q2Q 2 
which implies Q1Q2 ~ Q 2 - This case was already treated. 

The claim is now shown under the assumption that all otj are different from 
zero. 

If two or more of the aj vanish, the claim is already clear from flTT|): We 
then get the equation 01^ = —a^qk , which, after squaring both sides, yields 
us quadratic degeneracy immediately, or if q is involved, by using that at 
least two of the a, are not zero. The remaining case is, where exactly one 
ctj = 0. Here we use R2 from |8]6| and arrive at a polynomial (2/1, 2/2, 2/3) 
of degree two, such that /((D) is contained in the zero-set of U(Qi, Q2, Q3). 
Again Borel's lemma is applied to its monomials. A non-empty subset of 
{Q\i Q\i Q% Q1Q2, Q1Q3, Q2Q3} has to be divided into sets of /-equivalent 



polynomials. In the view of |8.10| (1) the only case to remain is Q 2 , ~ QkQ 



1 

where (j, k, I) is a cyclic permutation of (1, 2, 3). This case was treated above. 

□ 

In the sequel we treat the case of the complement of two plane quadrics 
and a line and the case of three Fermat quadrics. We show that 

Theorem 8.11 There exist 

(a) a quasiprojective set V C C(2, 2, 1) of codimension one and 

(b) an open, non-empty subset U C C(2, 2, 1) containing V 

such that for all s 6 U the space P2 \ T(s) is complete hyperbolic and hyper- 
bolically embedded. 

Proof. The set V will be constructed in a such a way that the configurations 
T(s) for s G V satisfy the conditions of Proposition 3.2 so that (b) will follow 
from the first statement. 

Let IP2 = {[zo '■ zi : z 2 }} and 
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/ 

Qo 

Qj 



c z + c 1 z 1 + c 2 z 2 

I 2 

2 

&jkZk + bjoZoZi + bjiZQZ 2 + bj2Z\Z2 

k=0 



(22) 
(23) 

(24) 



for j = 1, 2. 

We include Qo in this notation and compute aok,bok in terms of q. We 
shall discuss, when fll6| ) holds for these. 

Let A = (cijk) and B = (bjk). Let A be the adjoint matrix of A, i.e. A- A = 
det(A)E. For k 2 , A 2 ,/i 2 G (D we consider the following linear combination 



(k 2 , A 2 , fj 2 ) ■ 



det(A) 



V 



(4 

V 4 



+ AB ■ 




(« , \ ,ff) ■ A 



( Qo 
Qi 
V Q 2 



(25) 

Looking at the left hand side one verifies that this expression is a square 
of a linear polynomial, if and only if the following equation holds: 



{k 2 ,\ 2 ,/j 2 )-AB 



We set a 



(Ojfcjj>o G (D 6 , 6 = {b jk ) j>0 e (D c , and c = (q) G (D a . So A, 5 and 
A are now given in terms of a, 6, c. We define M C P 2 x (D 3 x (D 6 x (D 6 to be 
the set of all points ([k : X : fj],c,a,b) for which fl26|) holds. 

For all m G M the inequality dim m M > 14 holds, since ( p6[) consists of 
three equations in k, A, /x, A, A, £> and hence in k, A, //, a, 6, c. Consider the 
canonical projection pr : P 2 x C 3 x C 6 x (D 6 -> C 3 x (D 6 x (D 6 . Let c = 

(1,0,0), a = ( g q J J, and 6 G (D 6 arbitrary. Then we calculate that 

(P 2 x {(c , b, a )}) H M is zero-dimensional. 

In Example |8.12| we shall give an explicit example of a point tuq = ([kq : 
A : i^o), c , bo, a ) which is contained in such a zero dimensional set, where 
Kq, Ao, /io 7^ 0. Denote by M C M an irreducible component of M containing 
m . Now pr(M ) C (D 3 x (D 6 x C 6 is algebraic and at least of dimension 14, 
because the fiber is zero dimensional. (One can check easily that pr(Mo) 7^ 
C 3 x <D 6 x (D 6 ). 



2det(A)(nX, Kfi, Xfi) 
G (D 6 , and c = (c { ) G (D 3 . 



(26) 
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Let 

(k 2 ,a 2 ,/i 2 ) -A = {(j),ip,x), 

and iV = V(<f>-if)-x-det(A)) C M. Observe M \N ^ 0, since m N (what can 
be checked easily). Let V C (D 3 x (D 6 x (D 6 be the quasi projective hypersurface 
V = pr(M ) \ pr(7V) C pr(M \ N), which is not empty: The fiber of pr|M at 
tuq is of dimension zero, hence dim(pr(iV)) < dimiV < dimM = dim(pr(M )). 

By means of the assignment (D 3 x (D 6 x (D 6 3 (c,b,a) h-> (l,Qi,Q2) G 
C 3 x C 6 x (D 6 we associate to any point of pr(M ) a triple consisting of one 
linear and two quadratical polynomials. Now pr(M ) as well as pr(iV) are 
invariant under the canonical action of ((D*) 3 , given by multiplication of I, Qi, 
Q 2 by elements of (D*. This follows from the original definition of M and N 
(the existence of a linear combination of the Qo,Qi,Q2 to a square and the 
number of coefficients which are zero is independent of the (D* action on I, 
Qi, Q2) and the fact that under this action ((D*) 3 x M has values in some 
irreducible component of M, which has to be M Q . 

Now pr(M) \ pr(iV) defines a quasi projective subvariety V C C(l, 2, 2) 
of codimension one. Our aim is to construct a quasi projective variety V C 
C(l,2, 2) of codimension one, which is contained in V satisfying the further 
conditions of Corollary |3.5| (2), and hence proving the Theorem. We already 



chose M and N in a way that V satisfies condition (3) of |8.4j . All of the 



configurations which had to be excluded because of the further conditions in 



8J] and |0| define a proper algebraic subset W C C(l, 2, 2). All we need is to 
see that V := V' \ W is not empty. But we have pr(mo) 6 V'\W for our point 
m coming from the example below. 



Example 8.12 The following set of quadratic polynomials defines an element 
ofV. In particular the complement of its zero-sets in IP2 is complete hyperbolic 
and hyperbolically embedded. 

Qo = A (27) 
Qx = z\ + + z z 2 + (1/25)2122 (28) 
Q 2 = z j + 50z oZl - lQz Q z 2 + 9z lZ2 (29) 

One checks immediately that 225Qo + lOOQi + 4:Q 2 is a square. Set Tj = 
V(Qj). Furthermore: 

1) No more than two Tj intersect in one point. 

2) None of the Tj are tangent to any other l^. 
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3) No tangent to one of r 2 and r 3 at a point of intersection with any Tj 
contains a further point of intersection of the Tj. 

4) No tangent to one of T 2 and T 3 at a point of intersection with Ti is 
tangent to the other smooth quadric. 

5) There exists no smooth quadric T with T 2 fl T = {p'}, T 3 fl T = {p"} 
and {p',p"} C Ti. 

How to check 1) to 4) is obvious. If X" resp. T" are the linear polynomials 
which give the tangents at T 2 in p' resp. at T 3 in p" we have Q = aQi + b(T') 2 , 
Q = C Q 3 + d{T") 2 , where Y = V(Q), T t = V(Qi). Now solve for a, b, c, d, and 
show that only the trivial solution exists. □ 

For intersections of three smooth quadrics Theorem |8.4| is not quite super- 
seeded by the more general statement of Theorem 7.1. as the application to 
intersections to Fermat quadrics shows. We first note a further corollary to 
Theorem 



Corollary 8.13 Let Tj = V(Qj) C P 2 > j = 1,2,3 be smooth quadrics, and 
let the assumptions of \8.4\ be satisfied. 



(1) The quasiprojective variety IP 2 \ U?=i r? is Brody-hyperbolic, unless there 

exists a smooth quadric or a line T such that after choosing the notation 
accordingly (p, q distinct points) : 

(a) rnr 1 = { P , g }, r n r 2 = { P }, r n r 3 = {q} 

(b) rnr 1 = { P }, r n r 2 = { P }, r n r 3 = { q } 

(2) The above conditions (a) and (b) can be replaced by the following (some- 

what stronger) condition: 

(c) all of the Tj intersect transver sally. 

In this case P 2 \Uj=iFj is complete hyperbolic and hyperbolically embed- 
ded. 

□ 

We apply the Corollary to the following 
Proposition 8.14 Let 

Qj = ajx 2 + bjy 2 + Cjz 2 ; j = 1, 2, 3 
be linearly independent polynomials, whose zero-sets Tj are smooth. Assume 
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(1) no more than two of the Tj intersect at one point, 

(2) no tangent to a quadric Tj at a point of intersection with some other T k 

contains a further intersection point of the curves T t , 

(3) none of the Tj are tangent to each other at any point. 

Then P 2 \ Uf=i complete hyperbolic and hyperbolically embedded. 

□ 
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